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1.. DESIGN CRITERIA FOR BUJCKLING AND viBRMTiom or IMPERFECT STIFFENED SHE"LLS
Josef Singer and Aviv Rosen

Department of Aezonautical Engineering,
Technion-lara*1 Institute of Technology,

Haifa, Israel.

Abstract mome02 ucnt of inertia of stringer or ring
cross-section about the middle surface

Recent advances in the metnods of prediction o hl
( ~ ~~~of buckling loads of stiffened shells and their V''2 trincntn fsrne rrn

applicability to design are reviewed. The in-crs-etoepcivl
fluenco of bi)undary conditions, imperfections and k 1axial elastic restraint
inalatic effects are studied and correlated with k oainleasi4etan
tests. Realistic design criteria are ovolved. L length of shell

F i~~~ethods for vibration analysis of loaded 4 .".
stiffencd shells arc evaluated by correlation with
test risults and consideration of design applica-
dion. ilne influeice of bcundary conditions and
imperfections are studied and correlated with their
influence on irstability.

The use of vibration testing as a non-destruc-
tive method for checking of actual boundary con-
ditions, And for predictims of buckling loads of
stiffened shells in discussed &Ad correlated to
tests.

List of Symbols

hlAcross section of stringer and Figure 1. Notation.
2 ring, respectively.

bilb2  distance between centers of M mess per unit area of stiffened shell
stringers and rings, respectively. "x1M .H1 X4 , 4x n esla

Cl~wv ~ -- nusber of longitudinal half waves
C2:www*xwxa~4= o.cl~ed ounaryconizi-is N X,N N X# axial, circumferential and shear

C:vvXu,.N m~ 0 c pdbudr cnii.s N*X membrane force resultants,respectively

C4: w-w, x -u v. n eirc.umferontial wave number
c4:l 'XU 0inger and ring width,respect- P compressive axial load

ively P empirical buckling load for isotropic

D Zh/121- ylidri a xiael, bucli. load

EYugsmodulus of shell pcalculated axial buckling load for
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ring,respectivelyretan
elle2 stinge orring eccentricity# PS3PS'C calculated axial buckling loads for

respectively shl ih SS3,S, C4 boundary con-
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r tio between the "linearities" of In the last decade initial geometrical in-
stiffened and equivalent weight iso- perfections have been accepted as the main degrading
tropic shell factor on the buckling loads of thin shells. Zn

Cx, ,C 4 normal and shear strains 1963 2oiter applied the initial postbuckling analysis,
n efficiency of stiffened shell first propozed by him in 1945 , to a cylindrical

nonilmensional parameter which shell with a special axisymetric initial imprfact-
determines amplitude of imperfection ion7 and showed that even very sall imperfection

v Poisson's ratio amplitudes resulted in very significant reduct.ong
o "linearity", ratio between experiment- of the buckling load. The many investigations that

al buckling load and the theoretical followed have recently been reviewed in a sujv3y of
value predicted by linear theory postbuckling theory by Hutchinson and Koiter , which

PS$;,SS4'PC4 "linearity" with respect to SS3,SS4, shows the importance attribuied to geometrical im-
C4 boundary conditions respectively perfections by all the invest:gators. TZis ephasis,

P "linearity" with respect to end however, appears to have overshadowed the other im-sp conditions with axial or rotational portant effects. Even in the case of initial is-
restraint perfections, usually only geometrical imperfections

9 eq "linearity".or knock-down factor have been considered and practically no attention
-2 equilen weight isotro pic shell has been given to initial material imperfections,-2 l/%i3l v (h/) thotigh they too may reduce the buckling loads

(/ V )(-v h/R)n2  appreciably (see for example Ref. 9 where residual
(l-V %Ekk/EbIh k is 1 stresses were shown to be a prime cause of reduction

Xk (1-v 2)EkAkek/ bkhR for stringers in the buckling pressures of welded stainless steel

iok E IokE- D J and 2 for conical shells).
IJf/b kD rings.

r diferentiation by r After devoting much effort to studies of the
influence of in-plane bouniary conditiors, as well

I. Introduction as prebuckling deformations, on the buckling of
cylindrical shells under axial compression and other

Stiffened shells are now well established as loads In the beginning of the sixties (see for
optimal configurations for major structural com- exa le Refs. 3, 10-19), most investigators then
ponents of aerospace vehicles. Considerable relegated the boundary conditions to second place.
theoretical and experimental effort has therefore Only recently has there been renewed interest in
been devoted in recent years towards better under- their effects (see for example Refs. 20, 21, 22,.
standing of their most probable node of failure -
instability. In 1972, the senior author surveyed The usu.l buckling analyses cf thin shells
the state of the art of buckling analysis for assume linear elastic stress-strain laws and imply
integrally stiffened thells and the relevant therefore that instability occurs at a critical
experimental evidence . One purpose of the present stress appreciably below the yield stress. Plastic
study is to update this survey and extend it to the buckling is related only to relatively thick shells,
vibrations of stiffened shells and the correlation for example cylindricl shells with BA) < 100. In
of vibrations with instability. The emphasis is, 1969, however, m4ayers and Wesenberg called
however, on design applications, on evaluation of attention to the importance of non-linear material
earlier design criteria and on formulation of new behavior in the failure mechanism of imperfect
criteria for design of more efficient aerospace axially compressed cylindrical shells, even when
shells. their average compressive stress remains below the

limit of proportionality. Inelastic effects may
The following quotation from a recent paper by combine with initial imperfections to yield con-

Fulton and McCcmb may serve as a reminder of the siderable reductions in load carrying capability.
primary importanice of structural efficiency in They represent, therefore, a prime cause of
future aerospace vehiclej. 'At the same time that experimental scatter. The imperfection sonsitivity
design experience on vehicles classes Is decreasing, aspects of plastic buckling of shells has a~o been
the payload if advanced vehicles is reluced to a erphasized in a recen survey by Hutchinson
Piny fraction of gross weight, squeezed between
fuel and empty weight. Thus, a relatively small Now for stiffened shells, and in particular
error in estimated emlty weight may elminate the closely stiffened shells (for which local panel
paylod". The need for a re-evaluation of the buckling is rarely critical), the effect of gaometric
"knock-domn factors" and other similar conservative imperfections is less pronounced. Hence the re-
design criteria .nd methods is hence evidcnt. duction in predicted buckling loads and scatter of

helarge discxepancies between theoretical test results is less severe, provided te 2 ho0jGdary
The conditions are adequately accounted for . The

pr-icitiors and experimental bucxling loads for influence of the boundary conditions is, however,
thin shells, and the corresponding sca.ter oi found to be of prime importance in stiffened shells.
experimental results are attributed to three The inelastic effects are also more significant in
causes: stiffened shells than in unstiffened ones, on account

of their smaller effective radius to thickness
1. Initial Imperfections. ratios2 7 . Hence in stiffened shells the three
2. boundary Effect-. factors appear tc be of the same Importance, with
3. Inelastic Effects. boundary effects sometimes even dominant. The

influence of boundary conditions has been the
Cylindrical shells under axial comsression subject of a recent study by the authors 2 8 and will

have been th. focus ot most studies since they be extended here.
have probably exhibit d the iargest discvop2ncies
and scatte): (see for example Ref:. 3 - ). The importance of stiffened shells in dosign of
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aerospace vehicles has resulted in continuous (a) The stiffeners are "distributed" over the whole
efforti to revise and improve design criteria. The surface of the shell.
recent NASA design m .&a 29 '30 have been supplement-
ad by many reaasessotits and new criteria (see 26 (b) Th. normal strains c (t) and £6(z) vary
31 - 3: ). Design criteria and methods for buckling linearly in the stiffener as well as in the
and vibrations of stiffened shells will also be sheet. The normal strain In the stifiener and
proposed in the paper and their influence on in the sheet are equdal at their point of contact.
struc-tural efficiency will be discussed.
sy(c) The shear membrane force N is carried entire-

The vibrations of thin shells have also been ly by the sheet.
$investigated extonsively, as is evident from a

recent NASA survey34 . The vibrations of shells (d) The torsional rigidity of the stiffener cross-
subjected to static loads have, however, received section is added to that of the sheet (the actual
much less attention. !e recent results on the increase in torsional rigidity is larger than
vibrations of axially loaded stiffened cylindrical that assumed).
s 2ells3 5 - 37 will therefore be reviesod. Though the
influence of boundary r:)nditions hau usually been ilbe middle surface of the shell is chosen as
taken into account in shell vib itions, that of in- reference 'ne and the expression for forces and
plane boundary conditions for stiffened shells has moments in terms of displacements are:
only late'y been considered by the authors2 ' 39 and
will be br:efly dimciassed. The effect of initial N [Eh/(-v 2)Ux(ul+ul) v(v,-w) -
imperiectioLe on vibrL..ons has only received ,
little sttentlon (sce for example Ref. 39 ) and N [Eh/(l-v 2)[(v -W) (1+2) + vu -
will be discussed. Inelastic effects will not be ,x X2W,##

considered for vibrations. N a N = [Eh/2(l+v)](u +V
x0 ox , ,x

Except for some brief references to parallel $x - -(D/R)w,xx(l+nol) + ( 2 /h)
results in stiffened conical shell, the dis-
cussion is limited to ring and stringer-stiffened M - -iD/R)(w,$ (l+no2 ) + "w -

cylindrical 1helos, with emphasis on axial con-
pression loading and vibrations of axially -12(l-v 2 ) (P/h)2:2(v, - w)]
compressed shells.

Mx- (/R) (1 - V) + nti] VX0

,: Ox" -(D/R)((l - v) 4- nt2 lW, ()

"Lnrhrsn reaowhere , .,p_ , n.n and n are the chanq.s in
11. Linear Theories and correlation with stiffnesses due to strlngers 19d frames and X, and

Buckling Tests. X2 are the changes in stiffnesses caused by t-e
eccentricities of the strigers and rings. u,v and

If classical linear theory can be assumed to w are the additional displacements during buckling
predict buckling loads in shells with closely spaced and they are non-dimensional, the physical displace-
stiffeners adequately, as already stated by van der ments having been diviJed by the radius of the
Naut in 1962 40 ,-the bounds of validity of this shell.
assumption and the interpretation of "adequcte"
emerge from the experimental results discussed later- Substitution of Eqs. (1) into th-, Donnell
the general instability of stiffened cylindrical stability Equations yields them in a simple form in
shells can be analyzed with a simple "smeared" terms of displacements (s"a Eqs. (2) of Ref. 1
stiffener theory derived in 196341 which takes into Eqs. (12) of Ref. i , or Eqs. (13) of Ref. 46 ).
account the eccentricity of stiffeners. Because of
its sjylicity, this theory has been used Ly many Fo riassical simple supports (SS3) the same
investigators (see for example Ref. 42 ) -"d has di.placements as ,:r isotropic cylinders also solve
been applied to conical and spherical ahisn (for these equations for stiffened cylinders. The same
example Refs. 43 or 44 ). Its result i also iq true also for classical clamped ends (C2), though
correlate well with tcae obtained by f.v earlier 1.ne similarity applies here to displacements and
theory of van der Neut4 . The analysis is presented rolution by the Clerkin method, since a closed form
in detail in Ref. 46 for the case of axial cam- of nolution is not possible. For other in-plane
pression, and is outlined in Refs. 1 and 47 boundary conditions, improved analyses have also
where the detailed analyses for othcr loading cases been developed (see for example Ref. 48 and 49 ).
are also referenced. Other analyses start with slightly different assump-

tionrs than Eqs. (1) (see for example Refs. So or
The analysis employs the linear stability 51 ), but the latter are now commonly accepted for

equation3 (usually Donnell Equations), into which smeared stiffeners. The model (represented i. the
the "smeared" rings and 2tringers are introduced case of the Donnell theory by Eqs. (1)) can obvious-
through the force and moment expressions when the ly be applied also to other linear and non-linear
equations are represented in terms of displacements. theories, vith appropriate modifications (for
In tla mathematical model the stiffeners are examp.e, a rluqge-typa ttecry1 ') and appears in many
" seared" to form a cut layer. For example, external computer codes I.r example, in finite difference
rings are replaced by a layer of many parallel rings program DOSOR 3 .
that cover the whole outside of the shall, touch
each other bat are not connected to each otner. The main results of linear smeared stiffener
The main assumptions are therefore, as in Ref. 41 thtory, relating to the effectiveness of stiffeners
cr 46 and relative iroortance of shell and stiffener para-

meters, are )utlined in Ref. 1 . One may re-

3



capitulate that the shell geometry may be represent- effects are only likely for stringers with very

ed by one armeter, the satdorf parameter Z a large torsir~al stiffness, in shells with Z < 400.
(I-v2)l/2(L2/Rh), and the stiffener parameters are
spacing, shape, cross-sectional area and eccentri- TMp survey of the experimental evidence in 1972

city (where spacirg is determined by local buckling confirmed earlier 1temoents about the adequacy of
and is therefore outside the realm of the smeared liear jheories4 I2and led again to the con-

stiffener theory). Jusion I that: "Classical linear theory is applicable

to integrally ring-and-stzinger-stiffenedi cylindrical

The cross-sectional area of the stiffeners or shells as a first approximation, with the same re-

the corresponding non-dimensional area ratio(e.g. liability -is for isotropic shells under external
A1/blh for stringers), is usually the p~rime oqo- pressure". Since the completion of that survey~many

metric parameter determining their effectierdness, additional shells were tested In the framework of

and has also been shown experimentally to be the the study on the vibrations of stiffened shells and

prime stiffener parameter which determines the their correlation with instability. Hence the
applicability of linear theory. It is however also collected experimental evidence can be updated and

the one that affects the weight directly, and hence reviewed. Unfortunately only tests carried out at

structural efficiency considerations nay sometimes the Trechnion Aircraft Structures Laboratories are

dictate relatively weak stiffeners. The shape of included in the updating, since insufficient data

the stiffeners is very important since it determines is available at present on receM tint results

their bending and torsional stiffeners and their obtained by other investigators I. The shells

eccentricity. Vhereas the influence of the bending tested in Ref. 61 have apparently also too low an

stiffness is self-evident, the importance of the (R/h) to be representative of aerospace structures.

torsional stiffness should be stressed, in partic- Further updating of the collected experimental

ular in the case of axial compression loading or results will therefore be necessary.
torsion (see for exa ple Refs. 46 , 53 or 54 ).
The stiffener eccentricity effect - the influence The applicability of linear theory is con-

of positioning of stiffeners on the-outside or in- veniently expressed by the ratio of the experimental

side of the shell - has been widely discussed and buckling load Pexp to that predicted bX linear

is well known. It is most pronounced for theory Pcr, called by the senior author "linear-
string46,47,55 , but also important for ity" p - ( .P), in preference to the term
rings ,

47,56. One should remember that the "knock down facor used in unstiffened shells,
eccentricity effect depends very strongly on the since in closely stiffened shells p is usally

shell geometry and that an inversion of the eccen- closer to unity. In view of the importance of the
tricity effect occurs at certain values of Z, boundary conditions, especially in stringer-stiffen-
dependn 6 on the loading and on stiffener geo- d shells, the results will be reclassified accord-
metry46 , . It may be noted that in general there ing to B.C.'s and the scatter will be reduced, in
is strong interdependence between the effects of another section of the paper, by application of the
stiffener and shell geometry and a weak one between correlation with vibration tests, proposed recently
the different stiffener geoetric parameters, by the authors28.

The boundary effects in smeared stiffener For ring-stiffened shells under axial com-
theory will be discussed later in connection with pression the boundary effects are, however, relative-
more recent results. ly small, and hence the g cent results for 7075-T6

aluminum alloy no shells are superimposed in Fig.
Since smeared stiffener theory iz valid only 2 on the earlier results reproduced from )%ef. 63,

if the discreteness of stiffeners is negligible, where p -(P /Ps.). Since the area ratio
this effect has been studied by many investigators (A2lb2h) is M pr e stiffener parameter, p is
(see bibliography in Ref. 57 or 58 ). A con- plotted as a function of it in Fig. 2 Jgr5 ;hg1l93 #o 4venient discrete stiffener theory is obtained by different materials and Investigations
consideration of stiffeners as linear discontinuities The recent results fit within the scatter band of
represented by the Dirac delta function instead of the earlier ones and reconfirm thereftre the earlier

beinq "smeared". The force and moment expressions conclusions1 : For (A2/b h) > 0.3 there is ± 10
of Ns. (1) are modified accordingly and the remain- 15% scatter about a mean p a 0..5 (except one point
der of the analysis is similar to the smeared that is - 17% below 0.95), or one can state roughly

stiffener Lheory. that P - 0.8. As the ring area ratio decreases

below 0.3, p decreases, at first slo.:ly, but below

For cylindrical shells with discrete rings 0.15 rather rapidly. Hence applicability of linear
buckling under hydrostatic pressure appreciable theory appears to be bounded here by (A 2/b 2h) > 0.2.

load redu-Ions ar' found even when the number of
rings is not small 7. In the case of axial com- The results for stringer-stiffened cylindrical
prescion, 'ie discreteness effect of rings is shells under axial compression are now plotted in

usually negligible (see Refs. 25 and 59 ). If two Figures, one for simple supports, Fig. 3, and
the number of rings in the shell is very close to one fogclamped ends, Fig. 4. The recent PA)
the number of axial half-waves in the predicted shells are plotted together with the earlier test
axisyuetric bucxle pattern, a recheck should be results from Refs. 53 , 54 , 55 , 59, 65 and 66
made with discretg stiffener theory. Such a recheck surveyed in Ref. 1 . Some:of the earlier results

in typical shells lconfirmed, however, the neqliqi- are again excluded for reasons detailed In Ref.

bility of discreteness effects except when local 1 or 54 . The scatter in Figs. 3 and 4 is larger
buckling was dominant, than in Fig. 2 and the trend less clearly defined,

but tha stiffener area ratio appears to be a major
In the case oZ ztzinge'-stiffend shells the factor also in stringer-stiffened shells.

discreteness effect is apain negligible for practical
stringer spacings reiul-ed to ensure Lailure by The "linearity" of all the shells considered

general instability
5  

Significant discreteness as simply supported (Fig. 3), except those from
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Ref. 65 , is above 0.65 even for weak stringers, for example Table 2 of Ref. 1). Tests on ring-
and for (Al/blh) > 0.5 all shells gave p> 0.72. In stiffened conical shells67 also support the con-
some of the shells tested by Katz65 , which are the clusions arrived at for cylindrical shells(see
exceptions here, early local buckling was clearly for example Fig. 12 of Ref. 25).
observed and local buckling may have occured also in
some of the others of this series. The scatter in II_. Vibrations of Stiffened Cylindrical Shells.

Fig. 3 is usually about ± 20%, and even ± 30% in
regions where many tests accumulate, about an average In addition to their well-known importance for
0 that rises from o T 0.7 for weak stringers to determination of the dynamic response of shells,
0 0.9 for heavier ones. This scatter is partly free vibrations have proven to be a valuable tool
due to incomplete definition of the boundary con- for determination of boundary conditions and correla-
Iitions and can be significantly reduced by a better tion with buckling of shells. This also emerged

determination of the actual boundary conditions, from the theoretical and experimental studies on
as wkll be shown in Section 8 (Fig. 17). For the vibrations of stiffene . 1119rical shells
clamped shells (Fig. 4) lower vali-2s of "linearity", carried out by the authors
down to o = 0.6, are observed. The P values for
some of the recent RO shells 62 with fairly heavy The theoretical studies employ a "smeared" 41
stiffening, (AI/b1h) 2 0.5-0.7, are conspicuous, stiffener theory developed for buckling analysis4 -

Though again more realistic boundary conditions which considers the eccentricity of the stiffeners.
correct the deviations and improve the "linearity" For vibrations this theory was6 irst used in un-
see (Fig. 17), the valuec are relatively low, loaded shells by McElman e al . It was later com-
which may be partly dut to additi.na2 imperfections pared by Parthan and Jones 9 with a discrete stiffener
introduced by the clamping, analysis and found to be adequate for uniformly and

.losely spaced stiffeners. They also showed that
The influence of shell geometry and stiffener while in-plane inertia caimot be neglectod, rotation-

spacing~h § en studied in the earlier al inertia is negligible. Hence the analysis develop-
studies . Different combinations of (A1/blh) ed considers only radial and in-plane inrtias. The
and Z, as well as oflntpr aeometric parameters details are given in Ref. 36 and in an abbreviated
have also been tried" 53151to reduce sc&tter and form in Ref. 35 . Three sets of Equations and
to define trends. One more successful attempt to boundary conditions were derived. The first set
reduce scatter significantly has been a"weighted followe Donnell theory, the second set treats the
linearit7" 54 P/[f + (A /b1 h)] (see for example Fig. small vibration displacements accoiding to the more
10 of Ref. 1). Correlations wit 4 SS4 boundary exact Flugge theory, but takes into account the
conditions have also been tried , and will be contribution of the static stresses according to
discussed ayain in Sections 8 and 10. Donnell theory, the third set follows the Flugge

theory t.iroughout. The three seta caf b6 Vriten Irn
Experimental results for other loading cases a concise for which brings out the differences

provide additional support for the adequacy of between them. For example the equilibrium equation
linear theory in the analysis of the buckling of in the axial direction is:
stiffened cylindrical shells. Sc.m bending and
hydrostatic pressure tests, in all of which
o > 0.9, have also been discussed in Ref. l(see

6



(+U+ FI )2vr.h) 'l''v)21'+~ + 2 and 11-4 (which are twine of practically ident-
1 + Plv)2E xJu +d V, (+x~+ 1

ical dimensions) are reproduced from Ref. 35 and
+((IV)/]v,- uw, - (x -T)w Xx- Tll-v)/21w a presented in Fig. 5. The curves presented describe

=(R
2  2

underlined twice art those appearing in the third
se, cnly, those underlined once appearing in the " -
second and third sets but not in the first one. The 0

ssesof equilibrium equations and boundary con- t

as he exat mtho", sedertnsielyforisotropic
shells (for example in Ref. 70 ). many calculations
were performed with the three sets3 and for the
range of geometries studied only very small diff-
erences were found between the results of the three 9
analyses. The results discussed in this Section
were obtained with the Donnell-type theory forM
stringer-stiffened shells and with th seodsto

latr tstsdisussd i oterSections were all

vibration and buckling were foung to agree well with

those obtained by other methods . The presentM
method has the advantage that it can be readily xmei
applied to different cebinations of 3 oundary con-
ditions including elastic restraints

Concurrently with the theoretical study vibra- t

tion tests were carried out. The test apparatus
and procedure is described in detail in Ref.37 and
summarized in Ref. 315. The shell is excited by an 4tI M M 25P

acoustic driver which is inside the shell. The rigure 5. Vibrations of Loaded Ptringer-StiefenedY
response of the shell is measured by a microphone Cylindrical Shells - Frequency Versus
outside the shell. The excitation frequency is Axial Load of Shells 110-W R/h) 481;
changed and resonance is detected by the help of (L/R) 1. 98; (A /b~h Wa.225;(11 1 /b h *
Lissajous figures. when a resonance frequency is 0.082;(Ce /h)- -1.54;n ,a 0.91f and
detected, the mode of Vibiation is recorded by 3104((R/5)a498,(L/R)aX197;(A /h ,h)w.26S;
plotting the microphone reading versus its circumt- (I 11/bI h )*0.125;(e 1 ') I , T t -1. 35)
ferential or axial position on X-Y recorders. The for n - 7-12(reproduced froom Ref.31)
load is applied with a screw-Jack and the load
distribution is checked by an array of pairs of vibration modes with circumferential waves n a 7-12
strain gages, which permit separation between comn- and axial half-waves m u' 1.2 and 3. Curves were

ressivi and bending etrains. The first test also fitted to the experimental points, wherever
series included 4-tringer-stffened shells, (110-2 sufficient results were available. One may note in
to 10-5), 2 ring-stiffened ones (RO-6, W)-7) and one Fig. 5 ( and this can also be observed in the many
isotropic shell (11-1). The dimensions of the shells curves plotted in Ref. 37 ) that the experimental
are given in Table 1 of Ref. 35 or Table 2 of Ref. results show better defined trends for m * 1 than

37 . Their (R/h) a6050(/i) 2araato for m - 2. in rig. 6 (again reproduced from Ref.
(A /bIh, or (A2Ah) =0.2 - 0.5 and eccentricity 35 ) an example for a ring-itiffened shell 110-7 is

siltiffener (e /h?, or (e /h) - -1.5 to -3.9. VThe given for the modes n w 6-10 and m - 1,2. For the
spcmn eectfo 0 T aluium alloy ~ walw rigsifnd±shel ted epalso a f reslits e
tubescu froh almiE alo d3awn rg 1. 0 s) xin-wtiffeedfihell thend expe rimna res* t

Thi fist estseries confirmed the adequacy
machnedby proessdesribe inRef 54 Thse f th emtedstiffener analysis36, for the ranae
tess wre arred ut iththespeimes campd o gemetiesstudied. Good geo-nw &tid

in a circular groove of the sam inner diarieter and between experiment and theory. In all the tests
the outside gap fijed with low melting point wood- (except for one mods in one test) the measured
metal or Cerroband .frequencies and the experimental buckling loads vere

lower than the calculated ones. The study of
Curves of frequency versus applied load were frequencies and modes shapes showed that whereas at

pl.otted with the experimental rosults and campWad zero load for a given ciroiferentia~l wave nube
with theoretical predictions fior C4 B.C.'s. 19s an the low frequency was connected with one axial half-
example, the curves for two stringeor-stiffened shells wave, the second with two half-waves *t%:; with
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increasing axial load the low frequencies appeared has been discussed in Ref. I4 for two or more axial haif-waves.which correspond
also to the buckling mode of the shell. The be- For ring-stiffened cylindri.al shells under
havioi of stringer-and ring-stiffened shells axial compression t l yffects are similar to those
diffurs. In strinqer-reintorced shells, due to the in isotropic shells ' , with heavy internal rings
increased axial bending stiffness, the modes of low exhibiting the only significant deviation in that
frequencies and the buckling modes occur with the weakening effect of the "weak in shear" bound-
relatively high circumferential wave numbers (see aries tends to disappear (Fig. 5 o Raef. 48 ),with-
Fig. 5?. In ring-stiffened shells, because of the out changing the negligibility ot the effect of
increased circumferential bending stiffness, the axial restraints.!1ow frequencies and buckling modes occur with smaller
circumferential wave numbers (see Fig. 6). Near the For stringer-stiffened cyl~ndrical ahells under
buckling load, modes with many axial waves are pre- axial compression the influence of in-plane boundary
dieted and buckling may also initiate in such a conditions differs appreciably from that in isotropicmode. shells - the main difference being that the axial

restraint (u -, 0 instead of Nx - 0), which has no
effect in unstiffened shells or rtng-stiffened ones

under axial compressionl , becomes the predominant
factor, whereas the circumferential restraint (vO
instead of N - 0) bas only a minor influence.
Hence, for heivy or medium stringere, SS3 and SS1
boundary conditions yield pracdcall7 identical

f Fresults and similarly SSl and SS2 hardly differ
Ssee for example Fig. 6 of Ref. 1 ). The studiesr j of Weller49 show that the effects also strongly
aepend on the shell geometry parameter Z and on
the stringer parameters (A1/b h) and (e./h). The
effect of axial re-traint Is more pronounced for
internal stringers, but even for external ones axial

---_____________ ". -,restraint (u-O, SS2 or SS4) may raise the predicted
buckling load for medially or heavily stiffened
shells by 50% or more if the shLll is long. The
parametric studies carried out28 for simply support-
ed stringer-stiffened shells, with relatively

-.... - -efficient stringern (their properties appear in
S Table 2 of Ref. 28 ), confirm the trends of Ref.

IS ,4 49 and indicate that the largest effoct occurs for
medium stiffening, falling off as the stiffening
increases further. This behavior, that for a given
Z the increase in (A1/bIh) yields an apparent de-

I-s. -' - __ - - -crease in P /P .. , can be explained from plots
versus Z, wn sno the shift of the axial Constraint

effect to a higher Z for heavier stringers 49. For
stringer-stiffened shells with 'lamped ends the
effect of axial restraints are much smaller2P.

Additional par.metric studies have been carried
-- --- L out for slightly less efficient stringers, closer

aM OW IVA No 31 law K to the c_:metrias of the test ehel3c The main
geometric parareteri, are given in Table 1. The

Figure 6. Vibrations of a Loaded Ring-Stlffened calcuiations .ave again been carried out with a
Cylindrical Shell RO-7((R/h)-466; 3 linear theory 0 and with BOSOR 352 taking nonlinear
(L/R)-l.931 (A2/b=0.585 (I /b 1. )- .12; prebucklinj into account. The results, some of
- /h)-2.8 t2 .) or n .. which are presented in Fig. 7, . .confirm the trends(reproduced from Ref.35) found in Refs. 28 and 49 . The effect of rotation-

al restraints is alro .,resented in the figure. Com-Many additional tests on the vibrations of parison between the C4 and 3S4 curves in Fig..7
axially loaded stiffened-shells have been carried shows that, whereas rotational restraint is effective
out as part of the studies aimed at the definition only for short shells, axial restraint is even more
,If the boundary conditions and the prediction of effective for long shells.
buckling load discussed below (see also Refs. 38
and 71 ), and have ccnfirmed these observations As noted in Ref. 28 , the influence of axial
made on the first test sories, constraints on the buckling of axially compressed

stringer stiffened-shells resembles that observedIV. Ir, flutence o" hur.dary Conditions in isotropic sheils buckling under lateral hydro-
static pressure

19
, or vibrating freely

70
. The

The influence of in-plane boundary conditions similarity with the influence of in-plane boundary
and prebuckling deformations on the buckling and conditions for vibrations is opts reason for the
vibrations of stiffened cylindrical shells under success of the correlation between vibration and
axial compression have been discussed in detail in buckling tests reported in Ref. 28 and whose con-The main results obtained there will be summarized tiniation is discussed below.
and extended by additional parametric studies. The
discussion is again limited to axial compression The influence of in-plane boundary conditions
loading. Another loading case, hydrostatic pressute, and rotational restraints on the vibrations of

8
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Table 1. Stringer Geometric Parameters for Theoretical Studies.

A1/blh 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90

111/blh 0.008 0.067 0.226 0.53S 1.05 1.81 2.87 4.28 6.10

- e1 /h 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

I t1 0.116 0.732 1 1.89 3.36 1.5.08 1 6.78 A 8.64 1 10.4 12.3

31/b80 v - 0.3 ,Specific Gravity - 2.80

SS3 and SS4 boundary conditions and are compared

A with the corresponding ones for isotropic shells( (reproduced fromi Ref. 20) . The general trends

1)createne sto incld c2 alampd bnary cn-

prtons.ce the hvro of th wtinth 3 ove is oe
lostring saer diths in 0.4 thi

lJ 1 h)- -2.5pi sels and 336, in Wit.8. Tthe ltv
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2.20
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28 • The effect has been found negligible for zero imperfection distributions, it has even been argued
load and noticeable, though still very small for that the effects of axisyumetric imp.r4ection com-
high loads. For example, for the vibration mode ponents dominate in actual cylinders and-hence axi-
shown in Fig. 10 of Ref. 28 , p " 0.99 for SS4 syumetris imperfection theory yields adequate design
B.C's at zero load (where p jirthe ratio of criteria 2. This contention is however not upheld
frequency obtained with nonlnear prabuckling to by results based on measurements of practical shells.
that obtained with lineary theory), and decreases The influence of asymetric and general initial in-
to 1) A 0.93 near buckling. The effect for SS3 perfections8has also been studied though not as
is ee smaller, extensively . The theoretical studies aimed at the

determination of the effect of initial imperfections
One may summariz, the present parametric were mostly studies of the initial postbuckling

studies, those of Ref. 28 and the results of behavior yielding the imperfection sensitivity of
other investigators in the following practical the structure. For unstlffened shells experimental
conclusions: results tend to verify the predictions of imperfect-

ion sensitivity theory qualitatively (see for example
(I) Axial restraints, and also rotational Ref. 78 ). For stiffened shells :c2 predictions

restraints strongly affect the buckling are not always verified qualitati u.Ly (see for
loads of stringer-stiifened shells. This example fig. 31 in Ref. 54 ), since in this case
effect depends on shell and stiffener geo- other secondary effects may overshadow the im-
metry. Similar effects are observed in the perfection sensitivity. The results of imperfection

vib-ations of stringer-stiffened shells. sensitivity theory can therefore not be relied upon
in stiffened shells, unless all boundary effects have

(2) For short shells with medium or heavy also been properly taken into account. For example,
external stringers (Z < 250-400 and the large increase in imperfectign sensitivity pre-

S(A Ah) > 0.3 with corresponding other dicted by Hutchinson and Amazigo "t for axially
* geosie~ parameters, in particular - corrssed stringer-stiffened cylindrical shells in

(e 1/h) 3), consideration of nonlinear tha range of small Z, disappear when prebuckling
prebuckling deformations results in sub- deformations are taken into account in a later
stantial increase in buckling loads. Hence paper80  (see Fig. 11 of Ref. 1 ).
linear theory will yield very conservative
predictions for such shells. For similar Recently, however, emphasis has been placed on
internal stringers this increase disappears prediction of buckling loads f 7 xerimentally
for the few cases studied. Further para- measured initial imperfections ' ' and
metric studies for internally stiffened satisfactory correlation has been achieved in some
shells are needed. cases 22. The measurement of initial imperfections

3 for a wide range of shells is essential for a more
(3) .or medium and long shells (Z > 1000) with reliable assessment of their effect on the buckling

external stringers, 0 0.94-1.05 and behavior. On the laboratory scale initial im-
the effect of nonlineirrepr~buckling de- perfections have been surveyed by many invest-
forritions may therefore be neglected. igators72,74"77,59. A scan of initial imperfections

for typical stringer-stiffened shell (reproduced
(4) For external stringers, P e for SS4 is from Ref. 59 ) is given in Fig. 9. The domination

practically always below e value for
5S3 B.Cls, whereas in isotropic shells
P for SS4 always exceeds that for
SW. This is due to the large increases
in buckling loads with axial restraints
(SS4) predicted by linear theory.

(5) The influence of nonlinear prebuckling
deformations on the vibrations of stringer-
stiffened shells is very small and may be
ignored in tho cases studied,. N\,

Thus for design purposes, one can safely >.

neglect nonlinear prebuckling deformations for "

* externally stringer-stiffened cylindrical shells N-. ' \V"- j
under axial compression, except in the case of
very short shells, where buckling predictions would
be unduly conservative.

V. Initial Imperfections - Their Effect ,., 2 A--
On Buckling and Vibration

Fohave eenstIfpend hels initial imperfections Figure 9. Typical Measured Initial Imperfections
significant discrepancies-between preeictions and for a Clamped Stringer-stiffenedcylindrical Shell - Shell AS-2: (R'h)-5!17;
experiments. Since the initial imperfection shape SLe)l. Shell AO6,.4e1  /h)-l.7;

in the form of an axisyimutric buckling mode IL/R)-l.38;(Al/bh),0.506;4el/h)- -1.72;
assumed by Koite' in 1963 yielded ve.y large (reproduced frof Ref. 59).
reductions in the buckliag loads, much effort has of large amplitude asymetric imperfections 6f long
beeni djv 3je1 toQaxisymetric imperfection axial wve length, also observed In scans of so-

theory ased on rather restrictive tropic shells ", is apparent in the Figure. Theme
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long wave length imperfections have been brought to obtained in that study.
fucur oily by the measurements and have not been con-
sider'ed in Ref. 32 and in other studies. The growth The restlts motivated further studies by the
of imperfe¢ ons with load has also been authors of the effect of asymetric imperfections
studied72 7 5 9 . Additional imperfection meassre- on the vibrations of cylindrical shells, which will
ment facilities are being put into operation at the soon be reported. Furthermore, one is led to the
Aircraft Structures Laboratory of the Technion and tentative conclusion that the correlation of boundary
at other laboratories, and measurements on full - effects between vibrations and buckling of stiffened
scale have commenced at Georgia Institute of Tech- shells, discussed later, includes also some correlat-

. nology and at the NASA Langley Research Center. An ion of the ifitial imperfections.
extensive imperfection measurement effort will be
necessary to yield meaningful correlations between Vi. inelastic Effects
manufacturing processes and dominant imperfections,

% as well as between scans and the buckling loads. As pointed out by Mayers and Wesenberg

considerable reductions in the load carrying
The earlier investigator apparently did not capability may occur in axially compressed shells

attach any importance to the influence of imperfect- even of fairly high (it/h), as a result of the com-
ions on the vibrations of shells. Motivated by the bination of initial imperfections and material non-
possibility of a correlation between the effect of linearity,when the materiaL stress-strain curve be-
imperfections on vibration and buckling, the authors comes nonlinear at relatively low loads. These in-
carried out a preliminary study3 9 that is essentially elastic effects, or rather material nonlinearity
an extension of Koiter's 1963 analysis for bucxling7 . effects, occur when the average compressive stress
The radial inertia term was added to Koiter's is still well below the usual 0.1 or 0.2 percent
formulation and the effect of a similar special yield stress, and therefore plasticity correction
axisymmetric initial imperfection on the vibrations factors would usually not be applied. Many materials

of an axially compressed isotropic cylindrical ,hell like nickel, copper, some stainless steels, annealed
was studied. Though the shape of the initial im- metals or some of the advanced composites exhibit
perfections and the mode of vibration are not real- stress-strain curves with early nonlinear behavior,
istic, the results of this preliminary study are of characterized by low exponents in the Ramerg-
interest. It appears that initial imperfections have Osgood representation8 3 , and shells pade of them are
a significant effect on the vibrations, not only at therefore prone to these effects.
high compressive loads as expected, but also at zero
axial load. As can be seen in Fig. 10 where the The maximun strength analysis2 - employed to

study these effects, proved very successful in
V explaining anomalous experimental results obtainld

N for buckling of steel stringer-stiffened shells 5 .
There, one group of shells with smaller (R/h) gave
consistently lower values of "linearity" P than
another group of steel shells with a larger (R/h)

-- (see Fig. 11 of Ref. 53). since all the specimens
were manufactured in a similar manner, the opposite
cztend had been expected, as a result of the expect-
ed increase in influence of imperfections with
larger (R/h). Mayers suggested looking again at the

Ann material properties, and indeed it was found that
a(WW - the material of the smaller radius shells exhibited

"a wearly nonlinear behavior (see Fig. 8 of Ref. 53 or
Fig. . of Ref. 82), though its 0.1% and 0.2% yield

"- points were well #ove the buckling stresses.
_ayers and Heller" then applied their maximum

_____________ i 1 strength analysis to two typical shells of each
0. 64- 0 " ' L group. The results (see Table 3 of Ref. 1, Table

3 of Ref. 54, or Table 2 of Ref. 823 show thit in
the case of the two shells with smaller (/h) the

Figure 10. Vibrations of Imperfect Cylindrical correction for inelastic effects raises the
Shells - Minimum Frequency Parameter "linearity" considerably, since the material exhibits
versus Amplitude of Axisymetric IL- early nonlinear behavior, whereas in the two with
perfections at Zero Loaded (reproduced the larger (R/h) it is negligible, on account of
from Ref. 39) the relatively linear stress-strain curve. The

square of the non-dimensional frequency a 2 is trend was hence reversed and the anomaly removed.

plotted versus the imperfection amplitude p, (re- -ince increased structural efficie,.cy also
produced from Ref. 39), an imperfection amplitude of means higher stresses in stiffened shells, the
0.2 shell thickness, for example, reduces the rquare Inelastic nonlinear material effects will become
of -the frequency to 73% of that of the perfect shell, more important In optimisationqtudiam. This
and one Qf 0.5 Ohell thickness to about 49t. Th--.4h is evident in the sample study8 based an the
less than the corresponding reductions in buckling strinaer-stiffened aluminum shells tested by Card5 5 .

load predicted by Koiter (which would be to 44% It may also be expected that for stiffened uhells,
for v - 0.2 and to 27% for U a 0.5), this is a very imperfection sensitivity studies in the plistic
significant reduction. After this preliminary r.We,.like hat oarried out by Hatahinsen 4 for
study was accepted foe publioeton, a similar study Isotrapic cylindricatshells, will not uphold the
published recently 4n +be USSR0"6 " to the notice * * , a .a..u amlysi 4Worsed ip the us-'
of the authois. Results of a sitilar mature wer stiffened shell.



VIZ. Eccentricity of La g and M- of taking the real point of load application into

Uniforaitiy of Loading account 8hould be noted
87 . The experimental

results show mostly fairly clear trends and in-

Eccentricity of loading, usually defined as the dScate that the boundary conditions are between
radial distance between the line of axial load SS3 and SS4.
application and the shell mid-skin , has been shownTh in l e c of c e tr i y of oa m n t e
to have considerable influence on the buckling load The influence of eccentricity of loadin, on theappltia -tionaned shells midski, has enpl show . buckling of a family of tlnee moderately, um* ffened
of stringer-stiffened shells (see, for examle R shells is shown in Fig. 12 (reproduced from Ref.28).
84, 85 or 86). In Ref. 86 the theoretical in- The detailed geometries are given there28 and they
vestigation was amplified by tests on integrally fall within the range of emetries outlined in
stringer-stiffened cylindrical shells loaded Section 8. Generally similar rsult* were obtained
detri. n sdis hav e diffeent extnded"8cP9  for a family of heavily stiffened shells (see Fig.

11 of Ref. 28). The theoretical curves for SS3
consider the influence of load eccentricity on the and SS4 have a maximnm at a relatively low value of
vibrations of axially loaded stringer-stiffened
shells both theoretically and experimentally, and load eccentricity and then decrease with incasing

oftward eccentrilcity. This behaviour €orrelatescorrelate the results with those for buckling. The
details of the calculations and experiments are
given in Ref. 87 and some of the results are
discussed in Ref. 28. The salient features will
be briefly reviewed here.

In the tests the eccentricity of loading is
achieved by applying the load through the stringers.
Specimens are therefore manufactured with three f
kinds of edges,as shown in Fig. 11 (reproduced Pcr /",
from Ref. 28). In the case of edge A, the load 4 rN
is applied through the tiid-skin of the shell, for
edge B the load is applied through an inter-
mediate point along the death of the stringers, $4 LOA s mmU M

- THEORY SOSOR 3
aEXPERNENT

I I I I -- I

4ioo C H ON C
LOAD NoAD A OouM tow ls "Oman

Figure 12. Influence of Eccentricity of Loading
Fig. 11. Details of Load Application for Simply on Buckling Loads, "Medium" Stringers

Supported Stringer-Stiffened Cylindrical (A1AIh - 0.38)(reproduced from Ref.28).

Shells with Different Types of Edges. th
(Reproduced fros Ref. 28) with a similar one for the vibrations 

. The
experimental results show fair aqreement withand in the case of edge C through the tip of tL~e theory. They and those of the heavy stringers8

stringers. In all the cases special support rings reconfirm and emphasize the oehavior observed in

(see Fig. 11) which restrain the radial displace- Ref. 86 that increase in outward load eccentricity

ment of the shell edge or stringers, are accurately results in lower buckling loads but also in a much
fitted to the shell edges. less violent buckling phenomenon. It Phould be

noted that unlike the initial geometrical im-
The vibration frequencies for various load perfections, the residual stresses or the actual

eccentricites and their variation with axial load boundary conditions. the eccentricity of loading
were calculated for SS3 and SS4 B.C.'s and con- is readily determi.t.ed ano controlled by the
pared with experimental resultP. For SS3 B.C. 's, designer. He must, however, remember to account
no influence of load eccentricity is predicted at for the effect of the load eccentricity and that
zero axial load, and a small effect appears as the this effect depends also on the boundary conditions.
load increases, yielding higher frequencies with A reliable definitior of the boundary conditions
increasing outward load eccentricity. For n > 9 has therefore additional vdlue.
the trend reverses and the frequency decreases for
large outward load eccentricity. For SS4 D.C.'s, Eccentricity of loading is one kind of im-
on the other hand, large differences in frequencioa perfection related to loading. Xnother is non-
with load eccentricity appear already at zero load, uniformity - the distribution of loading along
whereas the change with axial load is less pro- the shell Ages. The effect of non-uniform axial
nounced than In the SS3 case. The importance compression on the buckling of isotropic cylindrical
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shells has been the subject of many theoretical corresponding axially loaded shell is employed to
studies. Fogexample, a summary is given 'An a assess the real boundary conditions of the experi-
recent study . which shows t-at, not only for SS3 cent. In Fig. 14 the influence of elastic rotati6nal
D.:.'s but also for SSl B.C.'s, the critical axial

compressive stress for a non-uniform load distribut-
ion is practically the same a. that for a uniform one,
provided ourtain restrictions ,are adhered W0.

Experimentally, uniformit, of loading is quite _--

difficult to accomplish, and few reliable load C -
distribution measurements have been carried out 8 9 .

In the present tests of the RO shells the load Per
distribution was measured. An atray of five pairs kg
of strain gages, uniformly distributed over the
circmference of the shell at approximately one
third of the length of the shell, was bonded to the PC *U, 0
inside and outside, in order to permit separate
radirgs of direct and bending stresses. The measured
distribution was fairly uniform for most shells, with
a deviation from the mean value at high load level 1 0 ee

of less than 12%. There were however isolated cases 3 ,0.72

of a deviation of up to 40%. Correlation between
non-uniformity and experimental buckling loads has
been attempted but the resulta are as yet in-
conclusive. Further measurements and studies are-- I I I I F __

;-planned. I M S 0 2 8 ,X

•VIII. Exjerimental Definition of Boundary, Con- Figure 13. Influence of Elastic Rotational

ditions by Correlation with Vibration Tests Restraints on the Buckling Loadr of

thelRO31' ~ ~The importance of exact definition of. the Sel -1

boundry condition for buckling of stringer-
stiffened shells has become evident in the previous
Sections. TIM similarity of the influence of D.C. 's
on buckling and vibrations of such shells,in partic-

* ular for the lower natural frequencies, motivated -

development of a correlation tech with vibration
tests to achieve this definition . For columns,
many correlation studies have been developed
for assessnt of the elastic restrainte provided
by the boundaries from vibration tests (see Ref. 90
and bibliography in Ref. 28). Thouqh for isotropic
shells no analogous methods have apparently been
developed, observation of the similarity in behavior -

of the stringer-stiffened shells in buckling and
vibration has led to the development of this technique al-.
in Refs. 28,38. The crucial fact, which makes the I
technique feasible in these shells, is that the
buckling mode is similar to the lowest, or one the
lowest, vibration modes, both in theory and experi-
ment. The correlation with vibration tests may also -

be employed to reduce experimental scatter in ilI I /
5 ' I I

buckling loads of stringer-stifined shells. This We k k,
was shown in detail by examples 

k

This method is now rFigure 14. Influence of Elastic Rotational
briefly reviewed, for a Restraints on the Vibrations of Shell

t~pical shell RO-31, mentioned also in Ref. 28, the RO-31 (P - 1600 kg., n - 10, m 1).
geometrical properties of which arej (R/h)=4821
(L/)-l.791 (Al/b h) - 0.801(I /blh )-4.24; restraints on the frpquency squared of the model
(e /h)- -4.48 amen -10.5. +Ais shell is nominally e-12,int - 1, at an axial load of 1600 kg. is
C k tin shown in the same manner in which the influence on
complete clamping between SS4 and C4. The influncs buckling load was shown in rig. 13. This mode of
of elastic rotational restraints k on buckling vibration was chosen, because it represents the
and vibrations can be calculated with the theory of I
Ref. 36, extended to include elastic restraints buckling rode in most of the ranre of the springs.

at the boundaries 3. Fig. 13 shows the variation The behavior is indeed very sinil r to that shown
of buckling load, between SS4 and C4 boundary con- in rig. 13. Hence by measuring the natural fro-
ditions for this shell. The variation between SS4 quency at a relatively low load, one can estimate the

and C4 is obtained with a torsional spring (the real boundary conditions. For simple supports a
other .C4 .s aredu-0, * wh torso e stffnes (t similar procedure can be employed by introdvtionother B.C.'s are u-O• v-O, v,0), the stiffness of of an axial spring k1  between SS3 and 594""
which k 4  is zero for SS4 and infinity for C4
B.C.'s. In Fig. 15 the predicted and experimental fre-

Correlation with the natural vibrations of the quencies squared are plotted versus axial load for
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shell RO-31. The experimental results show a clear
trend to a certain value of k4 . In Fig. 16 a

0.7
0.S-

Scl. 0 'LL

.. Figure 16. Vibrations of a Loaded Stringer-Stiffened
: Cylindrical Shll for Determination of

un, ,- ~H,) Conton - r~ny ~e

o.3- 00 2000 300 4000 00 Versus Axial Load for Shall RO-31l 7,

kg rn1).
Figure 15. Vibration of a Loaded Stringer-Stiffened

~Cylindrical Shell for Determination of
~Boundary Condition. - Frequency Squared
.. :Versus Axial Load for Shell R-3l (n = 10,

30I).0

0.2

rCimilar plot is shown for the same shell but fer oanother mode n 7, 1. Similar clear trends.di - Fe qeven better defined, ar W observed and the correspond- .

ing k4  value is close to that in Fig. 15. This .. .value k - 1300 is now used in Fig. 13 to .ife

estimate the buckling load for the real incrmtplete .' . Io9C clamping yielding P 6520 kg. whereas for C4 ofconditions ud - 6C i kg. As the shell buckled ._
Vat 4693 kg. a "linearity" which was for C4

oc 4 0.68 iS raised ton -• 0.72. * . . . , .s * .* . , ., .1

In Ref. 28 the procedure was applied to four Fie 7."iart'ofSmlsuptdan
shells. Additional correlations have been carried F g r 7 L n a i y f S m l u pr e n
out, and a total of eighteen simply supported and Clamped Stringer-Stiffened Shells oflaeshells tei ited may now be smarized. The RO serie 6 2 , Corrected for Experimentally
deoled geometries of all the shells are given etend linarty" oniconp_, thein . They cover the ranges: cR/h) o 470-510,

(L/R) = 1.0-2.0, (A/bh) = 0.20-0.80, (I/bh) - original p$5 3 ane 0C4 Values).
0.08-4.8, -(e1/h) *,1545 r_= 0 .8-l0 .*The"linearties" and 0, whtch are plotted in C4 in Fig. 4. This may b due to more severe in-
Figs. 3 and 4 (volether with those of many other perfections introduced by clamping in these teststmts), are plotted in Fig. 17 (the open symbols). than in the simple supports used, or perhaps to aThey a e :orrected by this correlation with vib- difference in imperfectin sensitivity for clamped
conition.so nrt fr t • , ..... bondaries. urther th6oretAcal tnd sheCrl-bnt!
is also plotted versus the area ratio in 5 ig. 17. study is required to clarify this observation.
The experimental scatter in "linearity" which forthe same 2hells was 0.6 - 1.3 without the correct- The usefulness o the vibration techdique forions for real boundary cnditions has been con- deCermination of the real boStiery conditions ofSiderabl l reduced now to 0.6 - 0.9. It should be stringer-stiffened clindric nl shells is thereforenoted that the low values of i inFig. 17 relate 'twofold as a tool for a giv-efnc 

h.U and asto cla d sells, as also obsh) ved before fot eans to improve empirical design dat.. As
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mentioned in Section 5, the method includes in- line for a perfect shell with SS3 boundary con-
directly also some correlation of initial imperfect- dit,ons) curves do.'n at higher loads (see also
ions. The definition of this correlation requires Fig.lj). Curve fitting of the experimental reiults
further study. of f for P up to about half the theoretical

o s T o rbuckLing load, was tried but found to be inconvenient.
IX. Nondestructive Tear _ Methods for Prediction As an alternacive, an indirect .urve fittng

of Buckling Loads - techrique wa' used - straight lines were fitted
Tiba(least square error fit) to f2  and to higher
The prediction of the buckling loads by non- powe.- of the measured frequencies. The extra-

destructivc test methods has been attempted by many polated interseotions of these straight lines kor
investigators for different structures. For columns fq (where q - 2,3,4... is an empirical exponent
and frames, good results have been obtained by pre- ".epresenting a form of curve fitting) are possible
diction from vibrationr (see for example Refs. 91 predicted buckling loads. For RO-31 (as well as
or 92), but applications of similar vibration for RO-33 and SO-34 Vtudied in zef. 28) the extra-
techniques to plates and 9,h, shells have not polftions of f and f bracket he experimental

yielded practical methods' ,exjept one success- buckling loads fairly well, with f yielding con-
ful application to spherical caps9 . Other methods servative predictions. These and similar results
of nondest~qctive testing have recently been developed for other shells are encouraginq, but since the
for panels" and for shells 95-97'60 with some exponents for these semi-empirical straight lines" su ccess. The resu lts of Ref. 60 are very impressive, depend on shell geom.etry and boundars, eonditionp,

Wo though the shells tested there were fairly thick, extensive further studies are needed to develop a

with (R/h) < 200. Very god preliminary results reliable non-destructive test method for stiffened
were also reported there for a vibration method, cylindrical shells. These studies will also con-
which correlates the variation of minimum local sider the shape of the curves of f2 for actual

dynanic mass at given frequencies with axtal load, imperfect shells, in order to provide a sounder
applied to simil, r thick shells. theoretical basis to the empirical exponent q.

Since the authors believe that correlation with X. Structural EfficienpXy
vibration tests is A promising direction of attack,
in particular for closely stiffened shells, where The main motivation for using stiffened shells
the low vibration modes observed in tests are very is their relatively high structural efficiency. Con-
similar to the bjqkljng modes, such studies were si erable efforts have therefore been devoted in
actively pursued Some of the earlier recent years to studius aimed at Imroving thin
attempts31 yielded ,ome promising results, but better structural efficiency (see for examp3 Refs. 347,25
correlations were '.btained wit the later tests on or 1). In a paper on recent deeiqn criteria , how-
shells with heavier stringers . Some preliminary ever, ring-stiffened shells under axial compression
results of these tests wure given in rigs. 13 and were stated to be always less efficient than equiv-
14 of Ref. 28. Additional tests have been carried alent isotropic shells. This statemant was ihown
out and the results for a typical clamped shell, in Ref. i to be incorrect, but has vary recently beenI> IO-31, are shown in rig. 18. The plot of thio square of restated6 1 . In view of Its importance to designthe

reasoning of Refs. 25 and 1 is therefore briefly
reviewed, and then the structural efficiency of
stiffened shells is discussed from a slightly diff-
erent point of view w ich even reinforces the

earlier conclusions

LSL \ $-" The structural efficiency of shells, from a

-UCKLO40 &o*s, design point of view, is evaluated by comparison
3A with equal weight, or "equivalent", unatiffened shells.

The thickness of the equivalent thell h is for
stringer-stiffened shells

1 - (1 (A1/blhflh (3)

or for ring-stiffened shells

\, \ h - fl + A2 /b 2 h)3h (4)

'lo' \% In the absence of reliable theoretical estimates for
U0 'A unstiffened cylindrical shells under rxial caprossion,

one has to rely on empirical formulae ' which show
& the primary dept.ndence of the buckling coefficient

-- on (Rh). Among them there is a very simple formula,
_proposed by Pfluger' for (R/) > 200,

P_! I S, (P B c - ( + (R/lOOh)" 1/  (51

where P - [3(1-v 2)] -1/2 . 2nEh2 , (6)
Figure 18. Prediction of Buzkling Load from the clascical buckling load, that in addition to its

Variation of Measu~ed Frequencies simplicity has the additional merit - for the purpose
with Axial Load - Shell RO-31. of comparison - of being unconservative for most test

data. In Fig. 26 of Ref. 99, Pfliger's formula, Eq.
measured frequencies (uhich would only be a straight (5), is superimposed on test results obtaineA by 14
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investiglators And found to be an upper bound for -
practically ALL'~ the shells tad. Rea. for the P stiff''5
conservative method of Rof. 25, P from Sq.(5 M AP (t3Q(V I/2*2)lt 5h) + (T/lo h) I/
As a suitable standard for coepari&, - mince thle stiff
xtructural efficiency obtained ielated to it is 2.5 (9) 2.
smaller than the actual efficiency of the stiffened 6 9
shell. Design curves have been computed with the aid

If E. () i no emloye fo th eqivaent of Eqs. (91 end (3) for stringer-stiffened cylindri-
If E. () i no ayoye fo th eqivaent CAL shells under axial copretion, (see for example

unatiffened shell drtfined by Eqs. (3) or (5) its Fig 14 of Ref. 25) And the stifening has general-
buckling load J:, ly been found to be more efficient for lighter

--1/2 stringer* and thinner shells. One shiould recall
ps a cl 1 +.1VlO~hlthat n compte fr stiffened shells by' ths-ot

elP fih2j (~~- /2 is saller than their actual efficiency. However,
* 1 (/Oh (7) even with this conservative criterion, the ring

Nowsine or in-stffnedcyindicl ~li and strinqer-stIffened o" Stasted inth experi-
Newsine fr rngstifen cyin icl Seli wital program discussed 0 how fairly high

with outside rings the general inatability load can efficiencies (see Fig. 15 of Ref. 25 and Fig. 14

be computed with a siple forula (Eq. (3) of Ref. of Ref. 1) and deownstrate the Advantages of1, or Eq. (9) of Ref. 25) a conservative efficiency stfeigf or these shells is given by
- The structural efficiency of stiffened shells

n so (P tiff'ell) can be studied in a slightly different manner. For
*~I i/*)- R/O~) 1/2 ~ 2perfect sholls,the theoretical efficiency would be

opt~ilh)a (R100)) (A)-, (a) simply the ratio of the general instability load to
that of the classical buckling load of the equivalentwhere p is the *linearity", weight isotropic shell. For real shells the pre-
dicted loads have to be multiplied by the expected

With Eqs. (6) And (4) design marves can "linearities". nence
readily be drawn that show n verJus (W/h) for
various values of p an4 (A /b. h). In Fig. 19 -(Psif * Patiff ,df *Po 1 (10)
(reprodured from Ref. 2%, atyQ cal set of suchstf sife d l q

If y is defined as the ratio of "'linearities"
(or kno~k-down factors)

Y Mptiffened/peq (11)

the efficiency becomes

'1 - Y 1Pstff% (12)
where only y is espirical, and the remaining
quantities are simple theoretical values predicted
by linear theory. The designer ustes 4uvevs that
prasent ni for various values of y (y v1,1.1,
1. * etc), and chooses the appropriate y for this

Aetbh05 ataucture. In this method it has been tacitly~~ ?.Smed that for isotropic cylindrical shells under
axial cc wression the influence of the boundary

1. ~~ --* -. conditionc is negligible" (the "weak shear" 551 and
SS2 B.C.'s are not considered here). on the other

- hand, for stringer-stiffened shells the boundary
we WA I a M Mn conditions have been shown to be very important and

AM ~have, therefore, to be taken into acut

Figure 11. Structural Efficiency of Axially Con- e"nait"p atkefrmetdt.
proaed in-tifenedCylndrcalIn order to remain conservativc,, the lover bound of

Shells (outside Rings - Reproduced the teat results is used. For simple suipports,
from Re 25) OS3!0.67 in rig. 3, if very weakly stiffened shells

are excluded by reatrictinq (A /b h) 0 .15 and the
curves is presented. it is immediately seen that shells of Ref. 65 are Also .excluded due to occurrence
even when 0 is only 0.6, wak ring-stiffening is of local buckling, as discussed in Section 2. Fince
very efficien.. for thin shells tlarge R/h); Or, the AS shells and no shells are known to have B-C.'f
fni other words, thin shells with many closely spaced between S53 and S34, their "linearity" referred to
rings (to prevent local bucklingr) and external rinjs SS4 B.C. '5 has also been plotted (rig. 20). A. lower
of small cross-sectional area carry axial compression value than in Pig. 3 is obvious-ly obtained for the
very efficiently, lower bound in Pig. 20 yielding p 0.57. For the

clampod shells in Fig. 4 the lower ,.,j is' > 0 .8
Forshels-tifene byintrna rigs or The "linearity" of the isotropic shells is &_"

stringers, the general instability load has to from results for six unatiffencd4 chells tested in the
be computed from slightly more elaborate *9Pi~ssions R-series, which were ranufactured by the same proces
than the simple formula referred to. The con- as the stiffened shello. For a range of (W/h) w400
serv&tive efficiency may then be written for both to 520 in these six shells, the lower bound of
cases As
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linearity in 0 0.45. To take account of the
decrease in (R/h) in the equivalent shells, a value
P - 0.50 is taken for the comparisons. This
eq

1.2

1A L/RI SS3

a • -- L/R S 4

L * 5m

a KI NUO

II-.
0 0.2 0.4 0.6 0.A 1.0

Figure 20. "Linearity" of Simply Supported Stringer- IIW LIIL JJJ
Stiffened Cylindrical Shells under Axial 0 0.2 0. 05 O 1.0
Compression, Referred to SS4 Boundary AIl
Conditions, as Function of StringerArea liameter. (AS Shells b and RO

r a eSShellsl.  anFrigure 21. Structural Efficiency of Axially COn-
S l *pressed Simply Supported Stringer-

corresponds to an extrapolation for the equivalent Stiffened Cylindrical -hells as Function

shells in the case of (A 0.3. This value of Stringers Area Parameter, for Different
of p is, however, considerly aoe the lover "linearity" ratios y . (Stringer Geometry

bound of Weingarten and Seide iven for (R/h) - 240, is Given in Table 1).
that would correspond to the equivalent shell in
the case of (A /b h) - 1.0. With this value of P
for isotropic hhels, y - 1.34 for SS3, Y - 1.14 2.7-
for SS4 and y - 1.16 for C4. In Fig. 21, n for SS3
is plotted for y - 1.4 and (L/R) = 1. Note that 2.S1-
shell geometries of Table I are used in these pata-L- 6.1.
metric studies. A minimum n - 1.1 occurs when

21.1that shorter shells have higher efficiencies, where-

as n may even drop below 1.0 for long shells. The
other curves in Fig. 21 relate to SS4 B.C.'s. Again

S" the increase in n for shorter shells is apparent, i- /
but in particular one may note the relative high
vlu- of (A /b h) w 0.8 for maximum n . With 1
y " 1.2, eficIencies of 1.2 for (L/R) = 2 and
1.4 for (L/R) s 1 occur for practical area ratios.
in Fig. 22 the efficiencies relited to C4 are sl-
plotted. Here bath CL/R) and CA lb h) have a fu
stronger influence on n than In he other cases, I.).

though the trends are similar to those observed
for SS4 boundaries. For y - 1.2 (which is close to
the 1.16 comaputed from the test data) t-he stringer-
stiffened shelib are always efficient, in the range ,O i ] L. J
of geometries studied, and for short shells, 0 0.2 O. 0.6 0
(L/R) - 1, very high values of n are possible Aim

for heavy stiffening. In that case, however, due
to the relatively high buckling stresses, inelastic
effcctz coma into play, as discussed Jn Section Ficure 22. Strictural Efficiency of Axially Con-
6. pressed Clamped Stringer-Stiffened

Cylindrical Shells as Function of Stringer

The results presented in Figs. ZI and 22 Area Parameter, for Different "Linearity"

demnstrate again that stringer-stiffened shells ratios y. (Stringer Geometry is Given

are usually much superior than equivalent isotropic in Table 1).

ones. It may be reca;, ed that the parametric
studies have been carried out with the geometries
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of Table I, which represent the relatively ineffj- load eccentricity effects have also to be taken into
cient atiffenere of the tet cylinders. For more account in both analysis and 4stail design.
efficient stringer.s used in practical designs, the
efficencies will be considerably higher. Any doubt Som of the abo- recommeations extend beyond
about the Intrinsically high structral efficiency the present state of the art. The current trends
of stiffened shells should therefore by now ha':e of research and development in this field seem to
been dispelled completely. focus on ntasurement of initial imperfections, and

their growth under load, for laooratory and full-
XI. Design Criteria and Future Trends scale shells and their correlation with manafacturing

processes and multi-mode theore-'Acal predictions,
In spite of vigorous efforts to d4velop ration- ofn the one hand, and development of reliable non-

al design criteria for stiffe d3 1hells ba-fed on axi- destrJctive test methods, on the other hand. If
sywetric im1erfection theory ' , these have not one extrapolated these trends, te following design
yet reached the stage of ge ral practi-oal applicabil- process of stiffened shells could be envisaged in
ity. only interim criteriaR or criteria based on the near future:
very restrictive assumptions3 2 have been proposed,
and the designer still has to rely essentially on The definition of the optima ccnfigueatior- is
semi-empirical methods based on correlation of carried out with automated design rograms, using
linear, or nonlinear, theories with typical test linear theory in the structural azr lysis parts
data. Improvements in these correlations, such related to proper elastic boundary conditions
as those discussed in the paper, will therefore (estimated frous earlier test expereance) and
yield improved design criteria, correlated with correlation factord p obtained

from, data accumulated from many experiments run in
The design process can usually be divided into different laboratories. The correlation factors

two phases: (a) the definition of the optinal con- are also modified by the planned production process
figuration, and (b) the evaluation of the chosen whose typical initial imperfection properties are
configuration and its detail design. For synthesis available from accumulated test data.
of the optimization phase, the comp' tatonal pro- in thG evaluation and final design phase that
cedures and programs must be simple. After con-
sideration of the many effects and the parmeters follows, the large structural analysis programs use
which determine their magnitude, one is led back to typical detailed predicted initial imperfection
linear theory as the most suitable tool for the patterns from the same test data to predict the
optimization phase of design of stiffened shells, buckling loads, while ensuring that realistic
The " .pplicabilty" of l]~ar theory (with ,design boundary conditions are assumed and that inelastic
factors p a0.7-0.8 in general) as a first approxi- effects and material nonlinearitios are also proper-

ation has been reonfirmed by additional tess ly accounted for. A prototype is tested in a com-
and the general bounds of applicability under axial prehensive manner - including measurement of initial
compression (sumarized in Ref. 1) have been verified, imperfections, vibrations to verify or modify the
Utie to the prenouneed Lnfluene of bounda, e- assumed boundary conditions, and a pilot non-
ditiotis on stringer-stiffened shells, their destructive test method which is being recalibrated
definition by the designer is important and in this test (which is carried to destruction).
correlation with boundary conditions other than The imperfection and boundary condition measurements
the classified S$3 may be preferable (as has been of the test are used to verify or modify the earlier
proposed in Section 10). For shells made of predictions. Then, as the shells come off the
materials with early nonlinem behavior, the use production line, the initial imperfections of each
of maximum strength analyses may be advisable one are measured as part of the quality control
even in the optimization process prior to the process, and the relevant buckling loads recomputed
definition of the configuration. The method of load accordingly, qualifying each shell. As part of the
application may also have to be considered at this same control process, some of the shells are mounted
early stage on account of possible load eccentricity in conditions simulating their actual boundary con-
effects. In general, however, for this phase in ditions and tested non-destru,-tively to verify the
design,the linear theories (with appropriate buckling load the shell will carry in these con-
correlation factors) seem satisfactory. The ditions. A rather elaborate process, but essential
relevant detailed design criteria are summarizecl to ensure the accuracy required to make really
in the Conclusions. significant structural weight reductions feasible.

Par the second p' se of design, more sophist- XII. Conclutions
icated method of ans. sis should be employed (see
for example Ref. 100). Boundary conditions must The following conclusions can be drawn from
be accurately determined, and correlation with the results discussed:
vibrations of typical test shells may assist the
designer in this task. The effects of imperfectionu (1) Linear theory is applicable to closely
have to be taken into account, and it is important stiffened ring-and stringer-stiffened
th&t real imperfections, typical of the shell design, cylindrical shells as a first approximation,
are conside-ed. Initial imperfections of typical and is a suitable tool for optimization studies
test articlas have Uterefore to be measured. With and definition of design conficgurations of
measured initial imperfections, representative of stiffened shells.

the actual shell, and consideration of realistic
boundary conditions, fairly accurate prediction 2  Extensive experimental evidence confirms this
may be expected with recently developed methods . for the most severe loading case - axial com-
Inelastic effects and material nonlinearities should pression, and results for other loading cases
also be considered, in particular their possible strongly stwport the conclusion. Thisinteraction with initial imperfections. Possible "applicability" includes small design factors
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implying reductions of 20-30%, but the (7) The influence of initial imperfections, though
customary large "knock-down factors* are less pronounced for clogly stiffened shells,
absent even for weak stiffening, provided is an important degrading factor. Initial
local buckling is excluded, imperfections also affect vibrations signi-

ficantly. The importanot of taking realistic

(2) The "linearity P m P /P depends on imperfections into account should be borne in
stiffener and shell g ery, primarily mind as well as the resultant need for extensive
on the stiffener area ratio, and on the imperfection measurements.
boundary conditions. For the prelimivary
design phase and optimization studies, the (8) Inelastic effects and material nonlinearity may
"linearity" in the case of axial compression influence buckling loads even at fairly large
may be taken, when referred to SS3 D.C.'s (R/h) ratios, and their degrading effect may 12

* as 0S§ 3  0.7 for 0.15 4 (Al/b h) c 0.5 and le of similar magnitude to that caused by
0 o A/t)>0.5 For stringers, initial imperfections. These effects should

similar sightly higher values of p therefore not be ignored.
for rings.

(9) Preliminary results indicate that correlation
Correlation with linear theory for other with vibration tests, at axial loads much
boundary conditions ray be preferable,and below the buckling loads, may yield the basis
then P = 0.7 and P o 0.65 are suitable for A non-destructive test method for pre-
valuesSS.or the preli'fnary design phase. diction of buckling load of imperfect closely

stiffened shells.
Note that these values of 0 are not the
lower bounds observed in tests, since this (10) Structural efficiency studies, that consider
would make the optimization unduly con- test results for stiffened and un'tiffened
servative. The lower bounds should how- cylindrical shells, emphasize the superiority
ever be used in the final design ,hases. of stiffened shells over the corresponding
The appropriate values of 0 are then, equivalent weight isotropic ones. The

again for axial compression, 0 S3> 0.67, structural efficiency of stringer-stiffened
P > 0.57 and 0 > 0.58. For other shells is Improved with increase in rigidity
lgsilings higher v eus of 0 are observed of the boundary conditions.
for the respective boundary conditions.
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